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Abstract 

, We consider a magnetic Schrodinger operator in two dimensions. The magnetic field is given as the 

' sum of a large and constant magnetic field and a random magnetic field. Moreover, we allow for an 

additional deterministic potential as well as a magnetic field which are both periodic. We show that the 
spectrum of this operator is contained in broadened bands around the Landau levels and that the edges 
of these bands consist of pure point spectrum with exponentially decaying eigenfunctions. The proof is 
based on a recent Wegner estimate obtained in [5] and a multiscale analysis. 
> ■ 
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1 Introduction 



The energy levels of a spinless quantum particle in the two dimensional Euclidean space subject to a 
. , , constant magnetic field Bq are given by the Landau levels, {2n + 1)Bq, n = 0,1,2,.... A perturbation with 

r> ' an inhomogeneous random stationary magnetic field broadens the Landau levels into spectral bands. In this 

\ paper we prove Anderson localization near the band edges and we thus generalize our previous work [5] that 

treated only the bottom of the spectrum. 

In the standard model for Anderson localization with a magnetic field (see, e.g., [2, 3, 7, 9, 16]) the 
random perturbation is given by an additive external potential. In our model the randomness is carried by 
the magnetic field. The main mathematical difference between these models is twofold. 

First, the correlation structure of the local Hamiltonians for magnetic fields is much more involved. 
Assuming finite range correlations for the random perturbation, in case of potential perturbations the local 
Hamiltonians on distant domains are independent since the external potential acts locally. Some sufficiently 
decaying but not finite range correlations can also be treated with the known methods, see [4, 11] and 
references therein. In case of magnetic perturbations, it is the vector potential A and not the magnetic field 
B = V X A that appears directly in the Hamiltonian. Since the dependence of the vector potential on the 
magnetic field is nonlocal, the local Hamiltonians with distant domains are typically strongly correlated even 
for magnetic fields with a short range correlation. This strong correlation cannot be directly tackled with 
the standard methods of multiscale analysis, but using appropriate gauge transformations helps. 

The second difference between random external potentials and random magnetic fields is that the energy 
depends monotonically on the external potential but not on the magnetic field. A cornerstone of any existing 
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proof of Anderson localization is the Wegner estimate whose standard proofs rely on monotonicity. Prior 
to our work [5], Wegner estimate, and hence localization, has only been proven for random magnetic fields 
with a zero flux condition [13] and for fields generated by stationary vector potentials in [15, 8], motivated 
by a method in [10]. Note that stationary vector potentials imply that the flux is zero on average. 

In [5] we developed a new method to prove Wegner estimate for stationary random fields, i.e. for a 
model without monotonicity. In particular, zero-flux condition was not needed. We also proved Lifshitz tail 
at the bottom of the spectrum. These ingredients, combined with the usual multi-scale argument yielded 
localization at the bottom of the spectrum. In [6] we solved the same problem for the lattice model. 

In the current paper we extend our method for higher band edges. The Wegner estimate and the 
multi-scale argument remain essentially unchanged and we will just quote the necessary results. The new 
ingredients are (i) the precise location of the higher band edges and (ii) an estimate on the Lifshitz tail. 
Both results are especially effective if the background constant field is strong compared with the random 
perturbation. 

2 Model and Statement of Results 

We work in and we set |a;|oo ■— max{|2:i|, \x2\} for any x £ M?. We shall denote magnetic fields by B. 
Let A be a magnetic vector potential such that V x A — B. By H{A) we denote the magnetic Schrodinger 
operator on L^(IR^) with a bounded external potential V, i.e., 

H{A) = ip~ A)2 + V. 

We realize this as a self adjoint operator by means of the Friedrichs extension. If we refer to statements 
which are independent of the particular choice of gauge, with a slight abuse of notation, we shall occasionally 
write H{B). In particular, we denote by a^H^A)) the spectrum of the magnetic Schrodinger operator H{A). 
Since the spectrum is gauge invariant sometimes we will also use the notation a{H{B)). 

Wc consider a deterministic magnetic field _Bdct(2;) = -Bo + -Bvar(s) where Bq denotes a constant magnetic 
field and iJvar is a perturbation that typically varies in space. We perturb this deterministic magnetic field 
by a random one, i.e., wc consider 

S = -Bdet+MS"an, (2-1) 

where fj. G (0, 1] denotes the coupling constant and -BJ^n ^ random magnetic field constructed as follows. 

We choose a profile function u G C^{R^), < u < I. Fix fc G N and define the lattice A^'') = (2-'=Z)2. 
For z G A^*^) define 

f^i'^\x):=u{2\x^z)). (2.2) 
The randomness is represented by a collection of independent random variables 

Lo ^ {ui''-^ : fc G N,z G A^*-')}. 

(k) 

We assume that all cul have zero expectation, and they satisfy a bound that is uniform in z 

<aW :=Cra„e-''^ (2.3) 

with some p > 0. By vi'^'' we shall denote the density function of wi'^'' (which strictly speaking might be a 
distribution). For each (fc, z) € C := UfceNi^i ^ ^^'^^ have a probability measure with density vi'^K The 
associated product measure, P, is probability measure on = R'^, and we denote expectation with respect 
to this measure by E. We define the random magnetic field as 

oo 

i?ran(^) = Bran(x):^5]sW(x), B^^^x) :^ Bi>^Hx) :^ ioi'^^ ^'^Hx) , (2.4) 

fc=o zeAC") 

i.e. Bf^j^ is the sum of independent local magnetic fields on each scale fc and at every z G A^*^). 
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The random magnetic field just constructed will in general live on infinitely many scales. This structure 
will be necessary to prove the Wegner estimate and hence the Anderson localization. Before that, we will 
state several results about the location of the spectrum. In these results the genuine multi-scale structure 
is not necessary; it is allowed that there is only one scale. This case is included in the above construction 

(k) 

by choosing all wi = for fc > 1 (which corresponds to the case where the corresponding distribution is a 
point measure at the origin). 

To state our results about the deterministic spectrum we need that the random magnetic field is station- 
ary. This is ensured if we make the following assumption. 

(i.i.d.) For any fixed fc G N the random variables {wi'^'' : z G A^'^)} are identically distributed. 

Theorem 2.1 [5, Theorem 3.2] Suppose is a random magnetic field a random magnetic field constructed 
in (2.1), (2.2), and (2.4), satisfying (2.3) and (i.i.d.). Assume Bvar o,nd V are "L"^ -periodic. Then there 
exists a set E C K and a set f2i C i7 with P(rii) = 1 such that for all w G fii 

a{H{B^)) = S. 

Henceforth we will denote by S the almost sure deterministic spectrum of H{B^). The next two theorems 
provide estimates on the location of the deterministic spectrum. We define two specific configurations of the 
collection of random variables, 

(w+)W := esssup[c.W] + , (c._)W -ess sup[-c.W] + , (2.5) 

where [/]+ = max(0, /) denotes the positive part. The configuration lu± corresponds to maximal respectively 
minimal magnetic field. These configurations give rise to the following points close to the band edges of the 
deterministic spectrum (provided one has band structure), 

E- inf U2n + 1)B^ (x) + Vix)] , E+ := sup [{2n + l)B^^{x) + V{x)] . (2.6) 

Moreover, we need that the derivatives of the fluctuations are not to large. This is quantified in terms of the 
following constants 

7^2^ ||VB^J|oo + ||VF||oo, (2.7) 
Ki = \\VB^Jl. (2.8) 

Note that using (2.3) and the support properties of the profile function u for any uj in the support of P we 
have 

llVBranlloo <C^e-''^2'=||V7/||oo < (1 - 26-") " ^ || Vu |U (2.9) 

k 

i.e. a sufficient condition for Bf^^-^ to be diffcrentiable is p > In 2. 

We will use the following theorem in the proof of our localization result to show that the interval for 
which we prove pure point spectrum, does in fact contain spectrum, (2.23) in Theorem 2.5. 

Theorem 2.2 Suppose B^ is a random magnetic field constructed in (2.1), (2.2), and (2.4), satisfying (2.3), 
(i.i.d.), and < feo ^ B^^j^ with some positive constant bo. Assume i?var cind V are -periodic. Then there 
exists a Cint.n such that 

dist(S, Et) < CintAK^bo'^^ + Kfb^\ (2.10) 

The following theorem can be used to establish that the random Hamiltonian exhibits band structure 
under the additional condition that i?dct ~ Bq is constant, i.e. i?var ~ and V ~ 0. 
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Theorem 2.3 Let B^ct = Bq be constant and V = 0. Suppose B^^ is a random magnetic field constructed 
in (2.1), (2.2), and (2.4), satisfying (2.3), (i.i.d.), and < bo < B^ < Kobo for some Kq > 1. Assume that 
the essential support of vi'^'' is an interval (possibly consisting of a single point). Then there exist intervals 
I]„ = containing i?o(2n+ 1) such that 

oo 

s = U 

71=0 

There exists a constant Cn ( depending only on n and Kq ) such that 



Remark 2.4 Theorem 2.3 can be used to show that the spectrum exhibits band structure. For fixed n and 
bounded random field |i?ran| < C the intervals T,„ will be disjoint for large bg. However, the distance between 
neighboring Landau levels does not depend on n, but the width of I]„ is typically increasing in n. Thus 
for fixed bo and large n the intervals E„ will no longer be disjoint and the gaps close, i.e. the high-energy 
spectrum will be a half-life. 

Below we list additional assumptions which are needed in [5] to show the Wegner estimate, and which 
are hence needed to prove localization. It is here where we need that the random magnetic field lives on 
arbitrarily small scales. The profile function satisfies one of the following two conditions for some sufficiently 
small S: either ^ ^ 

u{x) = for |a;|oo > + S and u{x) = 1, for \x\oo < - — ^ (2-11) 

or 

u{x) ^ 5'^uo{x5) with some Wo e Co(IR2), / uq = 1, 1*0(2^) = for |.t|oo > 1- (2-12) 

Js? 

In both cases 8 can be chosen as a sufficiently small positive number 5 < 5o < ^, and the threshold 5o can 
be chosen as 

5o = imdcr condition (2.11) 

3200 ^ (2.13) 

= 640 + 32||V.o||L 
The density function vi'"^ is in Co(M) and satisfies 

-(s) ds < Cia^^']-' = Ce2''^ (2.14) 



ds2 

in particular the magnetic field has a non-trivial random component on every scale. The profile function 
satisfies 

U(x) := u{x — z) > Cu and sup^gj{2?7(x) = 1, (2-15) 

for some positive constant c„ > 0. We are given positive numbers bo and Kq > 3, such that 

< 25o < Ba,,{x) < (A'o - l)bo, (2.16) 

Moreover, we assume that 

00 

^aW<6o, (2.17) 

fe=0 
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i.e.(l — e P)bo > Cian- It follows that 

0<bo<B^< Kobo. (2.18) 
We also assume the following condition on the potential 

llV^lloo < &o/4. (2.19) 

The following list summarizes the assumptions for which a Wegner estimate was shown in [5] (see Theo- 
rem 5.1 below for the precise statement). 

(W) is a random magnetic field constructed in (2.1), (2.2), and (2.4), satisfying (2.3), (2.11) or (2.12) 
for some < 5 < Sq, and (2.14)~(2.17) hold with some parameters Kq > 3, 6o > and p > ln2. Let 
also (2.19) hold. 

Finally, we now collect the additional assumptions needed to prove the result about localization. Let 
T > be a parameter. 

(At-) Hypothesis (W) and (i.i.d.) hold, and and V are Z^-periodic. The density function w^^^ — v^z'^ 
is supported on an interval and there exists a polynomial bound on its lower tail, in the sense that 
there exist constants Cy > such that for all ft, > the probability distribution functions 

iy+{h) P(cj(0) < cj^"^ - h), v^{h) := P(tj(o) > + h) (2.20) 

satisfy 

v±{h)<Cyh''. (2.21) 

To state the result we introduce the following quantity 

/V2 esssup^llVB^Iloo + ||Vy||oo. 
Observe that one can derive an explicit upper bound on this constant with the help of (2.9). 

Theorem 2.5 Let (A,-) hold for some r > 2 and let Kq, bo be the parameters in (W ). Let = B^ct + 
/Lt-BJ^^jj with ji G (0, 1] be the random magnetic field with a vector potential A^^. For every n G N there exists 
an En > and C/„ > (independent of bo but depending on Ko, t, p, 5, Cran; Cu, Cy) such that for any bo 
with bo > C/„(A'| + 1) the interval 

[K+ (2.22) 

is non-emtpy and for almost every uj the operator H(Ai^) has in In pure point spectrum with exponentially 
decaying eigenf unctions. Moreover, this interval contains spectrum at least near its edges, i.e. 

(S+ +e„)nS/0, (-B-+i-e„,£;-+i+e„)nS^0. (2.23) 

Remark 2.6 If B^^t- = y = 0, then it is a trivial consequence of Theorem 2.3 that both intersections (2.23) 
contain in fact an interval of nonzero length. 

Remark 2.7 For a typical random magnetic field we have £',7+i < for any sufficiently large n (the lower 
threshold depends on bo). This is the signature that the broadening of the Landau levels will overlap, see 
Remark 2.4. 

Remark 2.8 We note that the assumption (i.i.d.) could be relaxed to the weaker assumption that for any 
fixed k € N and all z £ A'-'^\ {wi*^^ : z' = z + w,w € Z^} are identically distributed. Our proofs show that 
the results of Theorems 2.3, 2.3, and 2.5 still hold under this weaker assumption. 
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We will use the notation that I5 as well as xs denotes the characteristic function of a set S. 

Let us now outline the remaining part of the paper. In Section 3, we prove a result, stated in Theorem 
3.2, which gives an outer bound on the spectrum of a magnetic Hamiltonian. It will be used in the proof of 
both Theorem 2.3 and Theorem 2.5. The result might be of interest of its own. 

In Section 4, we prove Theorems 2.2 and 2.3. Theorem 2.2 will follow by choosing a suitable trial state. 
To prove Theorem 2.3 we will use the outer bound on the spectrum and a perturbation theory argument in 
the continuous spectrum. 

Section 5 is devoted to the proof of Theorem 2.5. It will be based on the Wegner estimate shown in [5] 
and a multi-scale analysis as used in [5] to prove localization at the bottom of the spectrum. To this end, 
one needs an initial length scale estimate. In [5] an elementary lower bound on the spectrum was sufficient 
to obtain an initial length scale estimate for the bottom of the spectrum. This bound is not helpful for 
higher band edges and instead we use Theorem 3.2, which provides an outer bound on the spectrum. There 
is an additional difficulty originating from the fact that for the finite volume Hamiltonians there is always 
spectrum not only near the unperturbed Landau levels but also well in between them which corresponds to 
states which live close to the boundary. To deal with this difficulty, we use the Wegner estimate to estimate 
the exponential decay of the finite volume Hamiltonian in terms of the exponential decay of the infinite 
volume Hamiltonian, this is outlined in Subsection 5.1. In Subsection 5.2 we show the initial length scale 
estimate and in Subsection 5.3 we introduce the multi-scale analysis, which is used to prove Theorem 2.5. 

3 Outer bound on the spectrum 

Let B{x) — Bq + Bi{x), where Bq is a constant magnetic field and Bi denotes a non-constant perturbation. 
We define 

en.min[S] iuf [{2n + l)B{x) + V{x)] , e„.,„ax[B] := sup [{2n + l)B{x) + V{x)] . (3.1) 

These numbers correspond to the maximal broadening of the Landau levels (2?! + l)Bo for the constant 
Bq field if the perturbation given by Bi and V were considered by classical mechanics. 

Remark 3.1 Note that 

To formulate the next theorem, we introduce the following quantities, 

K2 ||VBi||oo + ||Vl^||oo 
k,:^ ||Vi?i||L. 

The following theorem shows that in the large Bq regime the classical edges e„^min[i?] and e„.i„ax[^] give 
an outer bound on the true spectrum up to a small correction. 

Theorem 3.2 Let Ci > and assume that 

C^^Bo <B< CiBn. (3.3) 

Then for every n £ N there exists a constant Ccxt,n > (depending only on Ci) such that the intervals 
L[B] := (l+[B]J-^,[B]) with 

i+[B] := e„.,„ax[B] + C,xtAK2B(,^^^ + k:iB^\ (3.4) 
i-+AB] e„+i,„,i„[B] - Cext.n+i[/^2S(7'^' + (3.5) 
are in the resolvent set of H(B). 
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To prove the theorem we locahze the resolvent in position space and treat it as a perturbation of the 
resolvent of a Hamiltonian with a constant magnetic field. The choice of the constant magnetic field will 
depend on specific location in position space. 

Proof. We fix a gauge A such that V x A = B. To localize in position space, we choose a profile 
function, which equals the normalized characteristic function of a disk, centered at the origin, with radius 
one, g{x) := We use this function to define a rescaled and translated version thereof, by setting 

gu{x) :— gu,Ba{x) := Bog{Bl^'^ {x — u)), with u g M^. The prefactor Bq is chosen such that 



gu{x)du — 1. (3-6) 

Moreover, we will denote the characteristic function of the support of gu by Xu Xu,Bo '■— lsuppg„. 

Next we introduce suitable gauges to control the magnetic field on the support of gu- For each u e 
we set 

Bufi ■■= B{u), and 6u[B] -B- Bu,o, 
and we define the vector potentials 

Au,o{xi,X2) := - — 1^(2^2 - U2), —^{^'1 - "1)) (3-7) 

5u[A]ixi,X2):= [-^J^^ Su[B]{xuOdi, \ J^' Su[B]{^,X2)d^) (3.8) 

Au := Au,o + Su[A]. (3.9) 
As a consequence of the definition wc have V x Au = B. Thus if we define the function 

Xuix) = / iAu-A)dj,,, 



where denotes any differentiable path connecting the origin with a; S (for example a straight line), 
then 

A = Au- VA„. 

The function A„ will be used below in (3.12) for a gauge transformation, and we set 

Au,o Aufi - y\u- (3.10) 

As an immediate consequence of the definition we have 

V X Au,o = Bu,o. (3.11) 

Moreover, we introduce the notation Vu = V{u), 5u[V] ~ V — Vu, and for any vector potential a we write 
Huia) = {p-a)^+Vu. 

We consider the following resolvent identity which depends on the position u, 

Wrj\9u = TT^y-j rgu + Itt-tt [H{A) - F„(A„,o)] r5« 

z - H[A) z - Bu\Aufi) z - H[A) ' z- Hu{Aufi) 

which we integrate over m as a weak integral and obtain, using the above gauge transformation, 

1 



-H{A) J z-Hu(Au,or" z-H{A) 



gudu+ —J- / e~'^-Su^,e'^-gudu, (3.12) 
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where we defined 



-Xu- 



Now by (3.12) and the triangle inequality 
\\{z-HiA))-'\\< 

where 

K 



1 



-gudu 



z - Hu{Au,o) 



+ K\\{z-H{A))-% 



(3.13) 



(3.14) 



(3.15) 



By Proposition 3.4, below, the first term on the right hand side of (3.14) is bounded. Thus (z — H[A))~^ 
will be bounded and the theorem will follow, provided we show that K < 1. But this follows from Lemma 
3.3 and Lemma 3.5 provided Ccxt.n is chosen sufficiently large. |— I 

Lemma 3.3 For u e let T„ be an operator in i^(M^) with integral kernel T„(a;, y) depending measurably 
on u,x,y. Let C be a bounded operator with integral kernel satisfying |T„(a;,y)| < C{x,y) for all u G 'M? . 
Then 



Tugudu 



< \\c\\ 



Proof. Let ip e L'^{R^). Then using (3.6) wc find 



Tugudutp 



(x) 



Thus 



/ 



< / Cix,y)g,,iy)\ibiy)\dydu=[C\m^). 



<\\cm\<\\c\\m. 



Tugudutjj 



□ 



Proposition 3.4 Let z G C with dist(Rez, IJ^^gp^^ [e,i,min[-S], e„,max[-B]]) > and \lmz\ < Bq. Suppose (3.3) 
holds. Then 

du T^^. -5„ 



z - Hu{Aufi) 



is bounded. 



Proof. Recall that Aufi is a vector potential for the constant magnetic field Bufi, (3.11). Thus by definition 
(3.1) it follows that cr(7J„(A„^o)) C UneNo [6",min[-B], e„^max[S]]. Now we use Lemma A.l in the appendix, 
to estimate the integral kernel of the resolvent. We conclude using (A. 3), (A. 4), and (3.3) that there exist 
an operator with integral kernel Dz{x,y) such that for all w G 



z — Hu{Au,o) 



ix,y) 



<D,{x,y), 



with 



D,{x,y)=V,{x-y), V,{x) < ^-(1 + In |x|) exp(-c,|xn, 

for some constants Cz and Cz > 0. From this it follows that Dz is a bounded operator (with bound depending 
on Bq), since zlji is bounded and hence also the Fourier transform of T>z. Now the claim follows in view 
of Lemma 3.3. q 

The next lemma estimates the operator Su,z for z in the following neighborhood of the n-th Landau level, 

Rez 6 So[2n, 2n + 2], |Imz| < Bq. (3.16) 
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Lemma 3.5 Fixn G No and let z G C satisfy (3.16). Suppose (3.3) holds and let an '■= [en.mm[B], en.mnxlB]]. 
Then 

dist(Re2;, cr„) 



n{x,y):^Qnix~y), Q„(a;) BoP„(By'|x|)expf - -Bolxp), (3.17) 



where 

and Pn{x) = C„(l + |a;|^"'^ + \x\'^^^^~^^^) for some C„. The operator Qn is bounded uniformly in So- 
Proof. The last sentence is a consequence of (3.17), which can be seen by observing that ||Qri|Ii and hence 
the Fourier transform of Q„ are uniformly bounded in Bq. In the proof we shah write C for a numerical 
constant which may depend on n. For notational simplicity we set 

n„ = {-iV - Au^o)- 

Then 

H{Au) - H{Au,o) = iSu[A]f + ^V • du[A] - 2Su[A] ■ n„ + du[V]. 

Thus we find 

Su = {Su[A])'^RuXu,Bo + »(V • 6u[A])RuXu.Bo - 26u[A] ■ n„i?„x«,Bo + Su[V]RuXu.Bo, (3.18) 

where we defined Ru ■= {z — Hu{Aufi))~^ and for simplicity wc omitted z from the notation. To estimate 
the right hand side of (3.18) note first that from (3.8) one has the bounds 

\Su[A]{x)\ <C||VBi|Uk-up (3.19) 
|V • 6u{A]ix)\ < C\\VBi\\oo\x - u] (3.20) 
\Su[V]\ < C\\\7V\Ux - u\. (3.21) 

Moreover, we will use the explicit expression of the integral kernel for the resolvent, 

Ru{x,y) = [TuUuEu] {x,y), 
47r 

as given in Lemma A.l, where, with Zu '■= z — Vu, wc define 

r.(x,y):=r(i-^), f/„(x,2;):=t/(i_-±;^, i; ^\x-y\-- 



E., 



'u{x,y) = exp - ^^\x - yf - i^Y'ix - - it]). 



Here r(-) stands for the usual Gamma-function and [/(•, •; •) is the confluent hypergeometric function. For 
more details, see Appendix A. 

Using this representation, one flnds for the two components ([n„]ii?ti, [n„]2i?ti) of TluRu that 



[n„]i.2i?„(a-, J/) 



^^^{x~y)l^2 + {-l) ' -^{x-y)2j 



Ru{x, y) - iBu,o{x - y)i^2R'u{x, y), 



where we introduced R'^ -^TuW^Eu with U.^{x,y) — U3 (^^ - 2S^' ^'^ ^y^\x - {U3 denotes the 
partial derivative with respect to the third variable). We conclude that 

\{UiR^){x,y)\<CB^,o\x-y\[\Ruix,y)\ + \Kix,y)\], ^ = l,2. (3.22) 
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Now using (3.22), the bounds (3.19)-(3.21), the triangle inequality |a::--u| < |x — y| + \y — u\, and Xu.Bo {y)\y~ 
u\ < CBq ' , to estimate (3.18) we obtain 

\Su{x,y)\<C\\^B^f\B-l{B^^^\x-y\^Y\R^{x,y)\-rB^-'\R^{^ (3.23) 



C||VBi||, 



5«,y'{5u,ok - y\^V'''\Ru{x, y)\ + So ^'^\Ru{x, y)\ 



+ BZ]I\b^^,\x - y\^fl-' (|i?„(x, y)\ + |<(2;, y)|) 
+ b\IIb^\B^^^\x - yp}V2 (|^^(^^ y)| + 



x«,Bo(y) 



+ Cl|Vy||oo [S„,y'(i3u,o|x - yH^/' + So '^'J \Ru(x,y)\xu,BAv)- 
Now using (A. 3), (A. 4), (A. 5), and (3.3) to estimate (3.23), we find for z satisfying (3.16), 

\Su{xM < ^^^dfs"t(Re^c!If" -^"■"-P"(<o 1^ - yl)exp( - ^i?.,oN - yp)x.,Bo(y), 
with P„ of the form as stated in the lemma. Now in view of (3.3) the bound in the lemma now follows, q 



4 Location of the Spectrum 



In Subsection 4.2 wc prove Theorems 2.2 and 2.3. To this end we first derive in Subsection 4.1 two deter- 
ministic results Lemma 4.2 and 4.3 



4.1 Deterministic Part 

The following preparatory Lemma is a trivial consequence of the spectral theorem. 
Lemma 4.1 Let H be a self-adjoint operator G M and £ Ti, =^ 0. Then 

\\{H-E)i^\\ < ellVlI a{H) n [E-e,E + e] ^ 0. 

Proof. Suppose (t{H) n [E' — e, i? + e] = 0. Then by the spectral theorem the assumption implies 

\m = \\{H-E)-\H-Em<-e\m, 

e 

which is a contradiction. |— I 

The following Lemma holds for an arbitrary magnetic field B, which is bounded from below. It will be 
used in the proof of Theorem 2.2. 

Lemma 4.2 Let B{x) he a magnetic field with 

Bin! ■■= inf,5(.T) > 0. 

Then for any n £ No there exists a constant Cn ( depending on n) such that for all A in the range of the 
function (2n + l)B + V, 

<Xist{a{H{B))A) < a. f [IIVBIU + \\yV\\^]B-y^ + \\VB\\IB-', 
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Proof. By assumption, there exists an a; G such that A = V{x) + {2n + l)B{x). Choose a gauge 
and set Aq{x) := ^Bq{—{x2 — X2), Xi ~Xi) with Bq := B{x). Let us consider the normahzed trial state 



B, 



1/2 



1 



(fnix) = 1^ j Ln{Bo\x - x|72)cxp(--Bo|a; - xf), 

where L„ is the ?7-th Laguerre polynomial. We set 

5[A] -.^A- ^0, 5[V] :=¥ - V{x). 

Expanding the square, one finds 

H{A)^^ = HiAo)ipn + [H{A) - H{Ao)]ipn 

= Xipn + {6[V] + {S[A]j^ + i\7 ■ S[A] - 2S[A] ■ n}^„ 

with n := {p ~ Ao). Using the estimates 

\S[A]{x)\<C\\VB\Ux^if 
\\7-6[A]{x)\ < C\\VB\\oc\x-S;\ 
\S[V]\ < \\\/V\Ux-x\, 



and (4.2), we find that 



\\H{A)ip„ - XipJ <C 



NB\\ 



ivyii 



B, 



1/2 



B^ 



The lemma now follows in view of Lemma 4.1 and since by definition Bq > i?inf . 



(4.1) 



(4.2) 



(4.3) 



□ 



The following Lemma estimates the change of the spectrum of a magnetic Schrodinger with arbitrary 
magnetic field B under a the perturbation by a small magnetic field B'. It will be used in the proof of 
Theorem 2.3. 



Lemma 4.3 Let e > 0, K > I, and v > 0. Then there exists an ij > such that the following holds. For 
any magnetic field B, potential V , with ||V^||oo < energy E G (7{H{B)), with E + 1 < K, and magnetic 
field B', With \\B'\\ + ||VB'|| < 77, one has 

[E^e,E + e]n n{H{B + B')) ^ 0. 

The crucial part of the lemma is that the rj does not depend on the magnetic field B. 

Proof. First, we will show that there exists a trial state which is localized in a box of finite side length L 
(depending only on e, K, and w), see (4.11). Then we can use perturbation theory to complete the proof. 

We consider the following partition of K^. Let % be a smooth function with support contained in 
^2(0) = {x G : |a;| < 2} such that Ylzei^ xl{x) = 1, where Xz{x) = ~ We assume that at most 
four different Xz's overlap, that is 

E l-PPX. ^ 4. (4.4) 



11 



Set Xz,l{x) = x{L ^{x — z)). Without loss we can assume that < e < 1. Let ip he a normalized state such 
that 

\\{H{A) - E)^p\\ < ^. (4.5) 

Choose L sufficiently large such that 

We claim, that there exists a z £ such that 

IxL.^V'f > ,niiv7..i|f..^ , ..^ l|VxL,.-nv^f (4.7) 



llx..^f>^J^I|Ax..^f (4.8) 

\\XL,M? >^-^\\xlA\\\ (4.9) 

where ^ := [H — E)ip and 11 -.^ p — A. Suppose this were not the case: then for all z € 7? one of the 
inequalities (4.7)-(4.9) would not hold and this would imply the first inequality of the following estimate 

1= E ii^^.-^ii' 

^ 8oiivxiitV+..) ? ■ "*«^ + m: ? "^'"■'*«" ^ ? 

< (410) 

where the first term on the second line were estimated by 1/10 as follows, 

2 

^ II VxL,. • nv'f < 2 E(n^V', (VaL,.)'n,v) 

s z i—1 

2 

< 8|| VxllLi"' E^n.V-, n.v) = 8|| VxllLi"'[(V', i?(^)V') + v] 

i=l 

<8\\\/x\LL~'{K + v), 

where we used (4.4) in the second line and (4.5) in the last. The other terms in the second line of (4.10) can 
be estimated in a similar but easier way. But (4.10) yields a contradiction. Thus let z* £ be such that 
(4.7)-(4.9) hold. Then calculating a commutator, using the triangle inequality, wc find 

WiHiA) - E)xL,.'M\ - ||XL,.*e - 2z\/xL.z' ■ - AxL,..Vll 

< ||XL,.*CII + 2||VxL,.. • nV'll + IIAxL^.^V-ll < l\\XL,z'i^l (4.11) 

where the last inequality is a consequence of (4.7)-(4.9) and the choice of L, (4.6). 
Now we can use ordinary perturbation theory. We choose the gauge 

A'{xi,X2):^[--l'B'{xi,y)dy,-l B'{v,X2)dy). (4.12) 

Let Lp = XL.z'i' and let G denote the support of xl,z*- Then by (4.12) we have 

||(A')j1g||oo < ||i3'||ooi, \\{^f\G\\oo<2\\B'\\l^L\ IIV.A'IgIIoo < (||i?'||oo + 2||Vi?'||ooi). (4.13) 
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We find, using first the triangle inequality and then (4.11) and (4.13), 

\\[{p-A-Ar + V-EM 

< II [(p -Af + V- EM + II [A'^ + iV ■ A'M + \\2A' ■ {p - A)^ 



< 



- + 2\\B'\\lL^ + \\B'\\^ + 2||VB'||^lJ ||^|| + 2||i3'||^L [||(p - A)i^|| + \\{p - A)M\ ■ (4-14) 



Now inserting the estimate 



into (4.14) wc find 



||(p - A)i^|| + \\ip- A)2^\\ < 2(^, (p - Afif) < 2{K + v)\M\ 



\\[{p- A^ J^f + V - EM<,Ml 



provided we choose 77 > sufficiently small (depending only on K and L). The Lemma now follows in view 
of Lemma 4.1. |— I 



4.2 Probabilistic Part 

To show Theorems 2.2 and 2.3, we will combine the previous two Lemmas concerning a deterministic magnetic 
field, with the following probabilistic result [5, Theorem 8.1]. 

Theorem 4.4 Suppose is a random magnetic field constructed in (2.1), (2.2), and (2.4), satisfying (2.3) 
and (i.i.d.) and p > ln2. Assume Bvar and V are 1? -periodic. Then for all cu in the support of the probability 
measure we have 

E D (7{H{B^)). 



Proof of Theorem 2.2. The theorem follows since by Theorem 4.4 we have a{H{A^±)) C S and Lemma 
4.2. □ 

Proof of Theorem 2.3. By Theorem 2.1 there exists an lo* such that S = a{H{A^*)). In particular, it 
follows that S is a closed set. Let £■ G S and let e > 0. Now we consider the path = tuj* . with t G [0, 1]. 
Using Lemma 4.3, we can find a sufficiently large TV such that for the numbers ti ^ \ — ^ with i = 1, iV, 
there exist Ei e a{H^^,) satisfying \Ei - i?i_i| < e. Clearly, En G {Bo{2n +1) : n G N}. By Theorem 4.4, 
we know that Ei G S. Since e > can be chosen arbitrarily small by choosing N sufficiently large, it follows 
that all numbers between E and _Bo(2n + 1), for some n G Nq, arc contained in E, since E is closed. 

This implies the existence of the intervals as stated in the theorem. It remains to show the estimate 
regarding the endpoints of S„. Wc will set 

Cn = max(Ci„t,„,Ccxt,n)- (4-15) 

Fix n. By Theorem 3.2 wc can choose Bq sufficiently large such that there is a gap in the spectrum S 
located between the Landau levels Bo{2n + 1) and Bo{2n + 3) and that i^min.n is to the left of the gap and 
£'max,n+i IS to thc right of thc gap. The estimate (2.10) regarding the endpoints of E„ can be rephrased 
as two inequalities. One of the inequalities follows in view of (3.2) from Theorem 2.2 and the other from 
Theorem 3.2. n 
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5 Localization 



In this section wc show Theorem 2.5 using multi-scale analysis and the Wegner estimate from [5]. We have 
to show the initial length scale estimate, which is the content of Subsections 5.1, 5.2, and 5.3. 

By A C we denote a square. We will consider the magnetic Schrodinger operator with Dirichlet 
boundary conditions on A, and denote it by 

HA{A) = {p-Af + V. (5.1) 

We realize this as a self adjoint operator by means of the Friedrichs extension. We will work in the Hilbert 
space i^(A) and denote the scalar product by ( •, • ) and the norm by |[ • ||. In particular we will work with 
the following squares. For I > and a: G we denote by 

Ai{x):={yeR^ ■.\y-x\oo<l/2} (5.2) 

the open square centered at x with sidelength I. 
If Z G N, we will write 

Hi{A) ^ Ha,^o){A). (5.3) 
Boxes with sidelength / g 2N + 1 and center a; G are called suitable. For suitable squares, we set 

A-*:=A;/3(a;), A°^' := Ai{x) \ Ai,,{x), 

and we set x'"* = xa'"' and x°"* = Xa°"' ■ 

We introduce the constant cs to be the smallest integer such that 

r |, in case (2.11) 
"^■^ - \ S-\ in case (2.12) ^^'^^ 

which gives the distance beyond which the random magnetic field is independent. We define A := A + 

In this section we consider the random magnetic field Bi^ = Bdct + fJ-B^am introduced in Section 2. Let 
Ai^ be a vector potential with V x A^ = B^et + ^J'B':^an- We introduce a random magnetic field subordinate 
to the square A, 

oo 

-Ba.o; Sdet + /^-B"an.A: A"an,A ■^^''^ (5-5) 

fc=o zeA('")nA 

for notation we refer the reader to (2.4). Informally speaking, the random field (5.5) is obtained by adding 
to the deterministic magnetic field the random magnetic field generated only by the random variables living 
on the square A. Likewise, for a random vector potential A„ generating the magnetic field B^^ we introduce 
a random vector potential subordinated to the square A, centered at z, by 

AaA^) A^{x) -{-\r 5[BAA{x,,0di, \ H S[BA,^]{^,x2)dA 
S[Ba,^] ■.= B^-Ba,u. 

Observe that Aa.u is a vector potential with magnetic field Ba,u} such that Aa,u: = A^ on A. 
For an operator T in a Hilbert space we will denote by p{T) the resolvent set of T. 

5.1 The Wegner Estimate and Exponential Decay 

In this subsection we first state the Wegner estimate from [5] . Fix an energy E and a window of width ?/ < 1 
about E. Let xb,i) be the characteristic function of the interval [E — ?//2, E + ?//2]. 
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Theorem 5.1 [5, Theorem 3.1] Let (W) hold with i^o > 3, p > In 2 and < (5 < Sq. Let Ki > 1. Then 
there exist positive constants Co = Cq{Kq, Ki), Ci = Ci{Kq, Ki), and L^ = Lq{Kq, Ki, S) such that for any 

< K < 1 

for all E 6 [\,Kiho], < rj <1, and I > Llb'^. 

Now we use the Wegncr estimate and the geometric resolvent identity to show the following Lemma. It 
will be used to show that for two given independent squares (squares which are sufRciently far apart such that 
their Hamiltonians are independent) with very high probability for at least one of the squares the exponential 
decay of the finite volume Hamiltonian can be estimated in terms of the infinite volume Hamiltonian. In 
precise terms, we say a square A = h-i{x) is [E, Coo , a)— balanced if i? £ p{{H\{A)) and 

||x°"*(i?A(A) - i?)-ix'"*|| < (1 + ||x°"*(i?(AA) - E)-^x''''\ ■ (5.6) 

Lemma 5.2 Let (W) hold with Kq > 3, and let Ki > 1 and < ac < 1. There exist constants Co, Ci, Lq (the 
same as in Theorem 5.1) and a constant Coo = Coo{Ki), such that for any a > 0, subinterval J C [^,KibQ\ 
and any x,y £ "Z"^ with \x — y\oo > I + cs, 

F(yE G J , Mx) or Ai{y) is (£;, &oCoo, a) -balanced ) > 1 - SCo^l J|/i-^;2Ci(,.-i+p)^-a^ ^5 7^ 

provided I > L^bg. 

Proof. To shorten notation we set /3 = Ci(k~^ + p) and Dq = Cq/j,"^. 

Step 1: Let E £ J. Then we claim that with probability greater or equal than the right hand side of (5.7) 
we have for w = x or w = y that E £ p{H\(^)) and 

||(ifA(,„)(A)-i?)-i|| <8r. (5.8) 

To prove (5.8), let a denote the left endpoint of the interval J and we consider a partition of J with respect 
to the points 

Xj = a + jl^" . 

Define the intervals Jj^i — [x2i-i,X2j+i\, and Jj 2 ~ [x2j,X2j+2]- Then 

N 

JC |J(J,,iU J,-2), (5.9) 

3=0 

where A'' denotes the smallest integer larger than | J|^"/2. Using the independence of spectral properties of 
the local Hamiltonians in A(a:) and A(y) in addition to the Wegner estimate, we find 

nywe{..y}J3,. n a(i/A(^)) ^ 0} = H P{J,- , n (T(i/A(,„)) ^ 0} < i?^r2"+2/3. 

we{x,y} 

Since the covering of J given in (5.9) contains 2iV(< 3| J|P) intervals, we have 

P{3je{i,2,..,w}3.6{i,2}V^e{.,y}^j,a n o{H^^^^) ^ 0} < 3\J\Dll-"+^P . 
Thus the probability that this event does not occur can be estimated from below, 

nVj6{i,2,..,iv}V.e{i,2}3^e{.,y}-/j,a n a(i/A(^)) - 0} > 1 - 3| J|i?2;-«+2/3 (^^^q^ 
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By (5.9) for any E £ J there exists an interval Jj,cr which contains E such that the distance of E to the 
boundary of Jj^„ is greater than /8. This observation and (5.10) imply the claim in Step 1. 

Step 2: Step 1 implies (5.7). 

For w = X or w ~ y wc write A = A{w). By the geometric resolvent identity, we have 

X°"*(i?A(A) - E)-'x"'' = x°"V(i^(lA) - E)-'x"'' + X°"*(i?A(^) - E)-'wmHiA^) - E)-^"'', (5.11) 

with W{(j)) = 2V0 • {p - Aa) + Act). We choose e C^{M.'^\ [0, 1]) to be a function such that 

(t) = l on Ai_i, = on R2\A(_i/2. 

To estimate the second term in (5.11) we use 

||(A<^)(iJ(lA) - E)-\"^'\\ < C|lx°^*(i?(lA) - i?)-V'"*||, (5.12) 

and we use Lemma B.l of [5] with u = {H{A\) — i?)^^x'"*i ^ = supp|V(/)|, fl = A°"*, yielding 

• {p - lA)(i?(lA) - EY^^^'W < C{1 + |i?|)||x°"'(^(^) - i?)-'x"^1 (5.13) 

using that x™* = on $7. Now using (5.12), (5.13) and (5.8) to estimate (5.11) Step 2 and hence the lemma 
follows, since E e [^,Kibo]. □ 

5.2 Lifshitz asymptotics 

In this subsection we show a Lifshitz estimate for the probability that the operator H{Aa) with a local 
magnetic field has an eigenvalue beyond the outer bound on the infinite volume operator. This result will 
imply a spectral estimate in Corollary 5.4 which will be used in the next section to obtain the initial length 
scale estimate. In the theorem below we will use similar notation as introduced in Theorem (3.2), but 
we take the supremum over the essential support of the probability measure. That is we define In[B] :~ 
{I+[B],I-+,[B]) with 

I+[B] := e„.,„ax[S] + Cext,„[A'2So"'^' + K3Bo% (5.14) 
Z,;+i[S] e„+i^„,in[S] - Cext,n+i[if2So"'^' + K^B^^], (5.15) 

with K3 := esssup^llB^^II^. 

Theorem 5.3 Assume that (A,-) holds. Then for h > the probability that 

(/+[S^J - (2n+l)fih,I-^,[B^_] + {2n + 3)fih) C p{H{Aa)) (5.16) 
holds, satisfies the lower bound 

P{(5.16)}>l-|A|K(c-i/i) + i._(c-i/i)]. (5.17) 

For the sake of a transparent exposition, we set (m+)l'^'' :~ (u;+)i'^''. 
Proof. Consider the events 

w° < m^°' - c-^h, zeA (5.18) 

> mL°^ + c-^h, z e A. (5.19) 
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If event (5.18) holds, then 

oo 

{2n + l)BA{x) + V{x) = (27i + l)[Sdct(x)+/i^ ^ cjWM(a;-z)] 

oo 

< (2n+l) Sdot(x) c-^hu{x~ z) + ^ m^^K{x - z) +V{x) 

oo 

< {2n + 1) Bdet{x) - ^J,h + 'm+^'u{x-z) +V{x) 

< e„anax(S(^+) - (2n + l)^J,h, 

where we used (2.15) from the second to third hne. By this and the definition in (3.4) it foUows that the 
event (5.18) implies 

/+[Ba] < - (2n + l)^lh. (5.20) 

Similarly one can show that the event (5.19) implies 

/,;+i[Sa] > /-+i[i?c.J + (2n + 3)fih. (5.21) 

On the other hand, by Theorem 3.2 it follows that (5.20) and (5.21) imply (5.16). Thus it remains to estimate 
the following probability, 

P{(5.18) and (5.19)} = [P{4°^ < -^Z^h and > m^°^ + c^^ h}]^^^ 

>l-\I\{,^+{c-'h)+iy^{c-'h)), 

where the last line follows from the binomial formula. |— I 

Corollary 5.4 Assume that (A,-) holds for some fixed r > 2 and Cy. For any ^ G (0,t — 2) set (3 := 
|(1 - ^) e (0, 1), then there is an ^initial = ^initiai(T, ^, c„, q) such that 

p{dist(a(if(lA),(/+[B^J,/-+i[i?^J)) > {2n + l)fil^'-'} > 1 - V« 

for any A = A; (a;), with x '^1? and I > ^initial (we adopt the convention that the distance to the empty set 
is infinity). 



Proof. Set h = li^'^ in Theorem 5.3. Then 

where the first inequality follows from assumption (A,-), and the second inequality holds for large /. q 
5.3 Multi-scale Analysis: Proof of Theorem 2.5 

For the proof of Theorem 2.5, we will essentially follow the argument in [5] that is based on [14] after 
including the magnetic field. 

We assume (A,-) throughout this section for some fixed t > 2 and Cy. The constants bQ,p,S are as in 
the assumptions of Theorem 5.1. 
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Definition 5.5 A square A is called (7,£')-good for u G fl if 

\\x°''\HA{A^)~Er\'^'\\<cM-ll), 

where E £ p{Ha{A^)). 

Let us introduce the multiscale induction hypotheses. Below we denote by / C M an interval and assume 
I G 2N + 1. First, for 7 > 0, and ^ > we introduce the following hypothesis. 

G(/, /, 7, ^): Vx, 2/ e Z^, |a; — y\oo >l + cs, the following estimate holds: 

P{VS e /, Ki{x) or Ki{y) is (7,£;)-good } > 1 - r^?. 

Note that this definition includes a security distance C5, to ensure the independence of squares. 

Lemma 5.6 Fix n G N. For any G (0, ^ — 1) there is an Iq = lGiT,^,Cu,Cu,cs, Kq, Ki,S, ^, k, p,n) such 
that for all I > Icbo, G(/,/,7,C) holds with 7 = /^"^ ^ = i(l - ^^±2) g (0, l)^ and if I is any of the 
intervals of the form 

I = I+{B^^] + [-lpl^-\0] 



as 



long as I C [^,Kibo]. 



Proof. First we give a deterministic estimate and then we estimate the probability. 
Let ^ be a vector potential and let A = A/ . Suppose the vector potential satisfies 

dist{aiH{AA)),I^[B^J) > i2n + l)pl^-\ (5.22) 

If i? G /, then dist{H (Aa) , E) > {2n + l)^pl^~^. Thus by the resolvent decay estimate, see Theorem B.l, 
we find 

\\r\HAiA)-E)-\°^'\\ < ^\ / -^exp{^c,ih2n + l)pl^-'y/'l/A), (5.23) 

IJ.(2n + 1) 2 

for / > 4. On the other hand if A is {E, boCoo, a)-balanced, then 

||x°"'(i?A(A) - Er\'''\\ < (1 + boC^n I r.h.s. of (5.23) | . (5.24) 

Thus we conclude from (5.23) and (5.24) that there exists an Lq = Lc{t, fj,,n,a, k), such that A is 
(7,£')-good provided (5.22) holds, A is (i?, 6oCcx), a)-balanced, and 

I > Lab^. (5.25) 

It remains to estimate the probability. Let a > 3Ci(k~^ + p) (with Ci as in Theorem 5.3) and let I 
satisfy (5.25). Then using the conclusion of the sentence leading up to (5.25), we find 

¥{iE G /, Ai{x) or A/(?;) is (7, E) - good} (5.26) 

> P{V£; G /, Ai{x) or Ai{y) is {E,boC^,a)) - balanced and (5.22) holds for Ai{x) and Ai{y)} 

> 1 - P{not[Vi; G /, A, {x) or A;(?;) is (i?, 60C00, a)) — balanced]} 
-P{not[(5.22) holds for Ai{x) and Ai{y)]} 

> Pl,xPl.,y - Pi, (5-27) 
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where we set 

pi := p|not[V£; G /, A,(a;) or A,(y) is {E,boC^,a)) - balanced]| (5.28) 
and we used that by independence 

p{not[(5.22) holds for A;(.t) and Ai{y)]} = 1 - PuxPUy 

where 

Pi,x = Pi,v = PLz ■■= P{(5.22) holds for Ai{z)}. 
It remains to estimate (5.27). Observe that by Corohary 5.4 with (^ — > 2^) there exists an /initial = 

/initial(T, ^,C„,C„,C5) SUCh that for all / > ^initial 

PI,. > 1 - V^?. (5.29) 

On the other hand by Lemma 5.2 

Pi < iCl^i-^l-°'/^ < ir2«, (5.30) 

where we used that the width of the interval for which wc want to prove localization is bounded by /i, and 
the last inequality follows if wc choose a sufficiently large. Thus inserting (5.30) and (5.29) into (5.27), we 
find that (5.26) is bonded from below by 

4 2" 

for / > ^initial satisfying (5.25). □ 

For O > 0, and q > we introduce the following hypothesis. 
W{I, I, O, q): For all £^ G / and A = A/(a;), x e Z^, the following estimate holds: 

p{dist((j(i/A(A)),£;) < exp(-;®)} < r«. 



The following Lemma is a consequence of Theorem 5.1. 



Lemma 5.7 Suppose the assumptions of Theorem 5.1 hold. Let O > 0, g > 0, and < k < 1. Let L gR be 
a finite interval with inf / > bo/2. Then there exists a constant l^ = l^{I,Q,q, Kq, Ki,d, n, k, p) such that 
W{L,l,e,q) holds for all I > l^b^. 



Proof of Theorem 2.5. We consider only the upper band edges. The lower band edges are proven 
analogously. Fix ^ € (0,t - 2) and let /3 = ^(1 - ^). Choose, < 6 < /3/2 and q > 2 and set 
K i min((2 — 2/3)~^,l). By Lemma 5.6 there exists an Iq = Ig{t,£_,Cu,Cv,cs, Kq, Ki,S, fi, p) such that 
G{Ii,l,-fi,^) holds with /; = I+[B^+] + [-^pl/^-^^O] and 7/ := 1^-^ for ah I > lob^. By Lemma 5.7 there 
exists an l^ (depending on O, q, Kq, Ki,S, /i, k, p) such that W{Li,l, 9, q) is satisfied for / > /J^.6q and thus 
also for I > Iq := max(Z^6g , Zg^q). Thus one now apply the multiscale analysis as outlined in [14] for the 
interval Jq Ii„ (This is explained in detail in [5]). 

Having established the application of the multiscale analysis we can now show using standard arguments 
that H{A^) has pure point spectrum in Jq for almost all a; S fi. We write Jq = I^[B^^] + [— eo,0], with 
eo := ^pIq^^. Observe that by Theorem 3.2 there is no spectrum in the interval {I^[Bi^^], I^_^^[B^_]). Thus 
to conclude that an interval of the form (2.22) contains pure point spectrum, it suffices to show that € Jq 
and an analogous statement for the corresponding lower band edge. To this end note that we have 

CniK^b,'/^ + K^b,^) < ieo = lpb^o^^-'\m^xil*^jG)]^~\ (5.31) 
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if 60 is sufficiently large, noting that h^^^ > by the choice of k. Since 

< [K^?, the threshold 

for bo grows with [-K";^]* for large . By (5.31) and the definition (5.14) (recall (3.2)) it now follows that 
-E"^ £ Jo- In view of Theorem 2.2 an analogous argument now implies (2.23). 

□ 



A Analytic properties of the resolvent R{z) 

Wc cite the following Lemma found in [12]. 

Lemma A.l For any z G C \ cr{H), the integral kernel of the resolvent R{z) = {H — z)~^ of the magnetic 
Hamiltonian H = (pi + -^2:2)^ + {p2 — '^xi)'^ , with constant magnetic field Bq, can be expressed in terms 
of the T (■) -function and confluent hypergeometric function [/(•, •; •) as follows: 

R{z){x,y) = l-T{w)U{w,VX)eM~]^C - i^[x,y]), (A.l) 

with [x,y] = Xiy2 - X2yi, w = \- and C = ^\x - yp. 

Fix n G No- Suppose z G C is in the (3.16) neighborhood of the n-th Landau level. In terms of w this is 
equivalent to 

-n- i < Row < -n+ |Imw| < 1/2. (A.2) 
It is well known that the F function is a meromorphic function with simple poles at 0, —1, .... Thus 

Bo 



1 



(A.3) 



-So(2n+l) 

for some constant C (depending on n). Furthermore, there exists a constant C (depending on n) such that 

[/(«;, 1; C)<C(1 + In C + (A.4) 
C/3(^«,l;C)<C(l + r'+r+'), (A.5) 

for all C > 0. This estimate can be seen as follows. We use the the integral representation 13.2.5. in [1], 

r(a)C/(a,l;C) = / e~'^H''-\l + t^dt, Rca > 0, ReC > 0. (A.6) 
Jo 

Note that (A.6) can a priori only be applied if Rea > 0, but we need it for w satisfying (A.2). To circumvent 
this problem, we iterate the recurrence relation 13.4.15. in [1] 

U{a, 1; C) = (1 + 2a + C)U{a + 1, 1; C) - {a + l)^U{a + 2, 1; C), 

n + 1 times, which yields 

U{w, 1; = Pnia, OU{w + n + 1, 1; C) + Qn{w, C)U{w + n + 2, 1; C), (A.7) 

for some polynomials P„ and Qn with degree at most n + 1 in ^ and 2(n+ 1) in w. Now (A.4) and (A.5) can 
be shown using (A.6) to estimate the right hand side of (A.7) (observe that the F function has no zeros in 
the set [5, f ] + «[— 5, 5] )• The large C > behavior in (A.4) is now trivial to see. For the small ( behavior 
note that (A.6) diverges logarithmically in C as ^ 4- 0, and that its derivative with respect to ( diverges like 
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B Combes-Thomas decay estimate 

Define the function p{x) = (1 + \x\'^)-^^^. Let H be an operator of tire form H\{A). Define 

H{a) := e"^PHe-"^P - aV p ■ (-iV - a) - (-iV - a) ■ aVp + a^\Vp\^. (B.l) 

Since |Vp| and \Ap\ are bounded and (— iV — a) is infinitesimally small with respect to H, we obtain that 
H{a) is an analytic family of type A on C. Using this property one can show the following result, following 
the proof of Theorem 2.4.1. in [14]. 

Theorem B.l Let R > 0. Then there exists a ci ~ ci(R) and C2 = C2(i?) such that the following holds, 
{r, s) C p{H) n (— i?, R), E £ (r, s) and i] = dist(£', (r, sY) > imply the estimate 

\\1b{H{A) - E)-'1d\\ < ciii~^ cxp[-C2{s - rf/^V^/^S], 

where B and D denote a set in and dist(_B,_D) =: (5 > 0. 
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